
 I Settings

Fix p prime KI Qp finite extension It is thus a completion of a
number field an absolute value on K extending lip Let Ok
be its ring of integers Mk unique max ideal

OK 9 X E F Iㄨk 1 了

mk 9 x E F IXlk ㄑ 1 3

Write k Ok mk be the finite residue field

EK ZI E OK Z be the Eisenstein poly

Fix Tk a uniformizer of K Now K Qp k Fi了 ek

where ek ramification index pOk mkek

Consider Ok as an Ecs alg over wiki Z via

wiki Z WLKI Z OK

Z 1 TK

where ISwiki is the spherical Witt vetors which are a liftof
Witt vectors from Ip to i p complete sphere spectrum

Thm Nikolans.Yakerson 2024

Wiki E k I tim k I

as Es rings where I fibl k k1 I I A

Original definition of Slwckl
Thm 1 Lurie

In CommAlg Spl consider up for ipi then



To1 1 ipi Fp 1 or To hii 二 Fp Suppose

fo To ipi Bo is relatively perfect or equivalenty
Bo is a perfect Fp alg Then we have a life of Bo
to a flat algebra B.s.t.it is complete w.int cpi

and IF B E To B pToB E Bo
f B

sǐkp fo Bo

Now this B is the spherical Witt vectors weBol

Lastly Slwck Z wiki Z Slwckl IN

went Σ IN

is the free Es ring spectrum gen.by the comm monoid IN

丌 SIWakI Z T wiki Z ToSlwiki WKI flat over cpl

I Problem

为 Compute TC 1OKI and TCILOKI.TP.tl OK

𠥔 Strategy

1 Adams resolution

Slwskl SIWak Z
一

V DTHH.COK SIwki s THH OR wuu Z
3

cosimplicial En alg in cyclotomic spentra



Similar for TC andTP.mutiplicativepnoperty______

THHIOK SIwckllsTHHIOK wak1 Z
n

TC TP

By coskeleton filtrations get multiplicative 2ⁿᵈ quadrant homology

type spectral sequence a.k.a descent spectral sequences

E's.t THHIOK THHt IOK Swakl Z
5了

THHstt OK wiki

Similary for TC and TP

2 Hopf algebroid

THH OKSwaKI IZ了 THH OK wcn Zo Z了

is a Hopf algebroid It follows that E 一 term of
descent SS for THH is the coharcpxforTHHX

IOKISIwakizw.r.tthe Hopf algebroid Now

E t EXEIHSHIIOKISw.la
Zu Z了 THH 1OK ukl Z

and for TP

Et EXtip Ok wikl Zo.Z了 TPtlOK SIwiki Z

TC is a little different but not essential

3
CompnteHopfalgebroid.US

e S ring str on TPolOK wiki Z given by cyclotomic

Frobenius 4 to determine



TP 1OK SIwiki Zo Z 3

and use an invariant of HkR theorem to compute

THH OK Slwckl Zo Z7 OKUo OkOKLtzo Z 3

where I I2 E HHz E THHzI I

Zo Z I tzo.Z

for I ker WKI Zo Z 20 2 Ok

Use these info to compute E 一 term of the descent SS

for THH

4 Algebraic Te spectral sequences

Direct computation of E term of TP TC in the descent

SS is hard But note that E TPIOKI endowed w the

Nyganrd filtration inherited from the one on TP OK win Z
E

Now assoc graded E THHIOK IT 了

b c Tte SS for TPIOKISw.in Z
E了

collapse at E

Then the algebraic Te SS goes like

E THHIOK1 0 了 E TPCOK

E2 U E2 ITC OK
while the later a.k.a algebraic HFPSS

5 Summarize

fomfiiiiiiil.cia

finn
Nygaard filtration



algebraic

GSS Es ii any
descents

yEEIH
HLOKIIEJJTHHoai.gs TIIOK w灬

computed by coTif.it Ecollarcomplex
d nt

fomfiiiiiilicial6
TL part
Start from

can Y TC OK wiki Z E31 TP OK SIwiki Z
E

Define TC OK wakil.nl fiber of
can e linen TC linn.TP

and

Tc ITcc.mn 品品华iii I 品品一

The tower S TCI 1miIn o gives the descent SS

E's t TC Ok TCsit Ok Swaki

Es u.tl TCIOK E3 u.tl TCOk u ESo 13

where

Eo.t ker can 4 E TCIOkll E3tl TP Ok

E.it coker can 4 E TCIOkll E3tl TP Ok



IV Outline and sketch

豳 FACT

11 THH OK SIWiki Z 1 OK u

where n E THH2 OK win z lift of Bokstadt elet in
THHz k

2 Tee SS for TP OK wiki Z I collapse at E term

TP OK wck Z TP OKSIwiki E f

where 151 2

3 TP 1OK Swakl Z WCKIIZD

and po TP 1OK wakl Z THHolOK wakl Z

11 11

WCKIIZD OK

Z 1 TK

is a Wik alg morphism

4 HFPSS for TCI OK wiki Iz了I collapse at E term

can TCj OK wck Z了 TPj OK wakl E

induces iso TJ OK SIwiki Z N TPj OK Suki Z

for all je E can is actually an iso for j o

5 4 TCÒ OK wck Z TP OK wakl E

11 H

WCk Iz了 WCK Z

Z I zP



is a Frobenius on Wh

6 Let uFp E TCI Fp lifting the Bokstedeeletunderp.in
the Fi case Then ǔ ETCICOKISIw.li Z

UETC
IIOKISIwckIIEIIJETPz.CO

K SIWCK Z

s.t ū lifts UFi

Qiūl T

can v1 51

and TCI OK wcni Z TCŌIOK Swck Z ū.U
ūv 一 EKIZI

7 Nygaard filtration on TP 10k win Z is by

1N TP 1OK wckl Z AT 251TP OK wckl Z

EKIZIIJ.jo

From now on regard Ok as Slwckl Z
E
ay via the map

Slwcnl Z
门
吕 Ok

Recall in the summary we need

然2 fromNygaard filtrationfomfiiiinilicialt3algelirai.gs Es ii any descent 55

yEEIH_HLOKILE.JTHHcoai.giiioklsw.in
computed by desand TiteSS 2



1 g
collarcomplex SS

fomfinsin.li
cial collapse at E2

Step 1 Compute E THHIOK

As graded rings we have

THH 1OK Slwck Zo Z了 OK Uo了 0k OK tzu_z

Tis actually follows from the Nygarrd filtration on TP 1 1

We will get to there at the end of this section
Here Zo 7L Z uo yL l ul

Zi 7R1Z1 V4 yR lu

for ye YR left right units

Prop THH IOK wck Z is a Hopf algebroid obj in

the cat of graded rings

The Hopf algebroid str on

THH 1OK SIwiki Z THH OK way Zo Z了

OK u OkIuo 0k OK tzo z 3

7L u 1 uo

7R u i s ui Uo Ekcikltzo

z.atÈi z 磊i
Éi z Èòii

E tzo z 0 E Uo.U.i

su.cluul U Chu l Uo C tzo Z tz 一Zo



Recall the E page of descent SS for THH
E t 二 EXEIHSIIOKISw.la Zu Z了 THH IOK ukl Z

The injective resolution of THH OK wcki Z as Gfl
THH IOK SIwiki Zo Z 3 modules goes like

0 THHLOKISIw.lu Z 7L THH IOK SlwcN Zo Z3
X DME THH 1OK SlwcN Zo Z3 dZ 0

where D THH 1OK Slwcn Zo Z3 THH 1OK Slwcn Zo Z3

Èiiz tiii
and ldz1 2

Thus taking HomTHH IOKISIw.in z Z了 THH OKSlwcn Z 一

gives Wriee A THH OK will Z

T THH OK wcm IZo Z for simplicity
Homi A T Homi'A 1 DE'dEs Homn A Tldz 1

FACT A P Hopfalgebroid.MG ftp.mod.NA mod

HomA M N E Homr M P A N I

f i s lid f 0 f

Apply the fact to where A M N then have

HomAl A A f IDF't HomALA A dz

nis HomA A Al E A Dofldz D o yR l dz

f i s fcn



and Do T A map of lefAmodbytzoz.is
1
1 i 1

0 else

一一 ExtY AI E OK

Ext A E OK nEk lik n 1

other vanishes So the descent SS collapse at E page

by degree reason

no THH OK SIwiki Z Ok 0

OK n Ek TK 2n 1

1 o

elsewheren 1

Step 2 Nygaard filtration on TP

From the fact we already know N TP OK wcki Z

We need to know the Nyg.fitrationforTPo OK wcklEZo.z了

Aside Divided power ring consists of the following data
IA I r A ring I A ideal

r Irn no divided power structure on

I ie.tn I A

s.t 1 rolxl 1 子14ㄨ 1 X rn XI E I

21 rnixty È ricylrn.isx



3 rn 入x n rnixl H 入E A

4 tmixl子nlx nMin rmtncxl

5 8ns rmcxl min rmnixl.ms o

Write rncxi xE

The divided power envelope is the universal ohj DB丁

St HomDividedRing DB J I C K S

HomRing B J IC K

for 1 B J r

Then I HKR

R comm ring Ii I Locally complete intersection ideal of
R A R I p torsion free Assume R is I separated

then

1 HP.CA R DRII iw.r.t.Nyg.fil
2 HH A R EPA I I2 where TA divided

power alg

Now apply HKR to R W k EZo Z

I ker WCk z Z了
2021心 灭 Ok

A OK

I I2 HHz AIR E THH2 A SIR

Zo Z 1 tzo Z



Prop The gnadedassoc.to Vyg.fil.ofTPo
isTHH

Inonder to understand TP Ok win z z we need

two things

1 N top and p N top
2 S ring str

T summarize

11 Def R r multiplicative decreasing filtration eg Nyg

filtration N top is the topology ly this filtration
N p N top is the topology in which

Sip5 N 53J o forms a basis of open nbh of 0
Both are NOT adic top

Prop TP 1Ok wckl Izu.Z了 is complete separated

in both N top and p N top and cyclotomic

Fb is cts in p N top

2 Def A 8 ring is a pair IR 8 R comm ring
S R s R map of sets w 810 8111 0 and

Sixy1 xScy ySix1 pSix1Siyl

Sixty1 811 Syl 市 xPty x y
P

If Rp torsionfree.S ringstr.onRisequiv.to



4 R R lifting the Frob on Rp Explicitly

Six 4
p

Prop The cyclotomic Fh on TP 1 makes it a 8 ring

Last TP OK SIwak Zo.Z了 closure of suhring of
DWcklizo.Z.gl EKIZul.Zo Z.li
gen.by WCKI Zo Z了 and

9 L Skh1了k under either top
Here 2 S h from S ring str on TPol I

8 h h 8kt'h 市 elskchlj.skih i

f 0 Zo Z fkt f l f'k'i 8h Eklz Pk

hYIEKZo1 41Z0 Z ZP

ZPs.t.SKh 4 EKZo1
Pk

44f
S h E TPol

IfE N
2Pk
TP 1 y

L is inclusion

Prop TP OK wiki Z
I

a Hopf algebroid in the cat

of complete filtered rings 8Kh E N
2 TP Ok winIzu Z了



Step 3 Algebraic Ta SS and E term of descent SS
By Hopf algebroid we have E page by cobar cpx

Et EXtip Ok wikl Zo.Z了 TPtlOK SIwiki Z

But this is hard T structure of it is complicated

Instead first note

Def The Nigg filtration N J is defined on EP.jof
Te SS Eij THH E 5圢 TPitjl.IE
If it collapse at E then N 5 TP THHj natural

projection

Recall the descent SS goes like

E's.tl 10k tlOK wakl Z
5了

stt OK wiki

for ESTHH.TC.TP3 ua

d Es.esE's
i.tEterm has Nygaard filtration and from this filtration we

get
Eijik TE OKI H gr2 ITCJ.COc wuy Z

E3

Ej TCCOKI
Eijik TP OKI H gr2 IT门 OK way Z

E3

Ej TPCOKI
where gr graded assoc and all multiplicative SS w



dr Ei.j.k Ei.j.k.ir
In fact

E jn TP Ok
品yTHHonoikJd.jeven.TLj 1OK wckl Z E N TPj OK Swik Z

门

Thus

Prop Both descent SS for TCI Ok Swann and

TPLOK Swaki collapse at E2 term

ll Application computation in Fp coefficient

Tools

Descent SS for TC

Ej TCCOk Fp TCitj Ok IF
w multiplicative SS k E 90 13

Ekj TC OK Fp Ekj TCIOK Fp
where

Ēioj ker can Y E j TCOK Fp Eij TPIOk Fp

E j coker can Y E j TCOK Fp EigTPIOK Fp

In order to get E2 terms we need



1 E THH OK Fp which is obtained

ycobarcpxassoc.totopfalgebroid A.T

whereATHH OK WckI Z Fp
P THH OK wckl Zu.Zi了 Fp

2 Refined version of algebraic Tee SS HFPS from

Nygaard filtration on E terms of descent SS for TCand
TP The assoc.graded are not hand to compute

They converge to E terms of descent SS

Compute E term of THH OK Fp
Again A T1 forms a Hopf algebroid and

A OK U Fp 10K ipl l u

K Z 1ZEKI U

T OKLtzo Z 0kOkIuo了 Fp

k Z 1Z914 Uo tzo Z

where Z corresponds to 灭 111de9TK.TK

Notation MGadingcoefofEKCZI.ru
MP SIE k Zo S from 8ring str on TPo

豳 Thn1

11 The k v.s.EE THH OK Fp has a basis hy



tu I l ek

lorplekn.forekslpln.frek 1

2 T k us Ei THH Ok Fp has a basis ly
Zf uò tzo.z 一 n_n Eic zo uǒ t恐z.l.co l ek

2orplekn.forfksl.lg.inj iuiui 恐 a.pl n for ek 1

3 For i 1 0 Ei 0

pfsketch.cobar cpx looks like
o s A D007叫 Adz 0

no kiz了 zek u I ekME 4Zkizzhzekyujdz.co
We implicitly use the fact that

HomA M N Homi M P AN

If we want to get rid of dz in It we need to

consider the comm diagram

A 1Do0YRldz A

id

Ǎ 火一収 ǐ
β

where β undz.su
一

for
u 二 in Ekizi uǒiiiiz

Rk The complication arises from the even degree maps So we



1 9
modify the Nygaard filtration

Hopf algebroid for TP
Refine N by indexing over YekI.ie for
TP OK wiki z IF mod w ordinary Nyg filtration the

new one is givenby

N jtmlek M ZMN JM N M

and all are even fitrations T refined Ngg.fil gets all what

we like Now write

A TP OK wckl Z Fp

To TP OK SIwckiizo.Z.si Fp

Pnop Ao.P Hopfalgebroid.wl
Ao To k Z k Zo了 n k tzo.Z st

11 YL1Z1 Zo MR Z Z ELZi Z for i 0 1

21 tiiz 磊 大恐a 𡋣望
E t恐z 0

31 ek 1 E Zo tzu

z.lk1 Z Zo Hopf algebroid Hopf alg

Refined algebraic Te SS
Refined Nyg.fi trationsonEtermofdescentSSforTCandTP

give rise to



Ěigk TP H GrklTBIOKISIw.ME7 门 Eij TP

Ěijtk TC H GrklTCjlOKISIw.ME7 门 Eij TE
where kEYekI.lt r E Ck Iz

d Ēij.k Ēiij.ktr
As stated in PART IV Ē TPI can be identified w

cobar cpx for k Z o 了 w.rt.HopfalgebroidCAo.io
ĒYek TC is just a truncation of EYE TPI

豳 Thn2

Write tzo z as dz When ek 1 write

i inji ti iz 了 t恐z

which is formally equal to izo 一 Zil as zo dz Tn
1 ek 1

Ē上学 TP kZ305 KEZo了Jdz

d Yek Z55 5Jdz

2 ek 1

EI 9 TP k Z了0了 Zo KIZo了 idz
3 The Tate differentials go like

Fr n o j E I l upIn P9 and

n 三 p
l
in 19 mod p we have

d t èk znril nū器open器 oidz



These are the only non trivial differentials Here Up 一 is

the p adic valuation biggest integer es.t.pe

pfIDEA 1 2 reducetoTPoandbycobarcpx

37byS ringstr on TP and see how the elets go
in the p N top or N top Finally by comparing

w part 111 27 to determine the differentials

Compute E ITE and El TPI

豳 Thm3

11 For

jEI.EEzj ITP k9cycle w leading term Z o33

pt lekj and j o

l o else

and can EÒ TC E3 TP is iso

21 Éi.zj TP is a k us w basis

z Peki Ii
thpl

lgjdz.nu l l.bEIs.t

ieiek.lj llcbapekfekI.pXb.bEekij 1 mod p 1

z
Peki

gjdz.ifjslandp.tl ek Ij 1

37 For j l.Ei.zglTC lisak u.si w basis

z Peki Ii
thpl

lgjdz.nu l 0 bEIs.t

feek.lj llcbapek gkeJ.pXb



I

b 三 一 ekij 1 mod p 1

z
Peki

gjdz.ifjslandp llek.li1
4 For j 1

ker can EI.zj ITC EI.zj TP
is an ekj dimk v.s.no

basiswlleadingturmszoPekip'Ithpl
ijjdz

w l 0

bEIs.t.ptb b ek j 11 mod p 1

pl pǎi a pl

Compute the cyclotomic Frobenius

Prop For n ekj
4 zng5 n

PJ
z
P n ekjlj

LHS Y Z 9451 n
PJ
YL EK Z IT

5

ū
了
zP
In ekj

you j

n'l'J zP n ekjlgj
This tells us how y on E 一 behaves

Pnop 17 For j 1 if α E E zj TCI detected by Zo o5dz

then 41α1 E Eizj TP is detected by

n
P门一 zopln eklj lll

lgjdzThus.eeE zj ITC Eizj TP is iso



for j 1
2 Suppose α E Ei.zj TC has refined Nygaard filtration

m Then

If j o.glα1 is m

If j 1 41α1 is m if
m c 品 一 灻

T see how the canonical does we have

Prop 1 j so can Énzj ITC N Eizj TP
surgeHive

2 j 0 can Eizj TC EI.zj TP
iso

3 m j can N ME zj ITC s N MEI j TP

surjective

pf Follows from the corresponding result on

can TCj OK wake Z
门 TPzj OK way Z

一

Cor j 1 m I then

can 4 N m
Eizj TC N MEizj TP

is surjective

21 j 0 then

can y Eizj TC E zj TP iso



Now we can compute the E term of descent SS for TC
Let β be the eletinE.o.zdTCEEE.ae TC detected

by n
烈

z d where d is the minimal number sit

p 1 1 ekd NKIFp InId 1

and NielFi K Fi is the norm
Since Eikj TC Ek.j TC k 0 1 we onyhave

to consider the case i o 1 or equivalently just to

compute Eo 0 Eo 1 Ei Ei.o
To compute

1 E.o FpIβ了

By Theorem 3 Eizj k9 Z i 了 when p i lek
and j 0 Now y iz i n z品 j
So iz i E E

Ican 4 iz o了 入z 9 j_yiz.n ijzP.se j
O

n 5 T'ein 入 for some 入E k
So dlj by NiuFiIn15 1 Conversely if dlj then

入 in w 入 E k Weget the result

2 Eon is a free rk 1 FpIβ了一module

Similarly Note can iso.gl zng5 n PJzPtnek5lgj.EE1 E3 TP Ican 41



3 E 1 Fpβ了Scan r了 where r E ker Ican 41
detected by ū z 99 1odtldz
11 Suppose ro E Ei zdtz TC is detected by zhedfdt'd

Then 41801 is detected by niPdz兴 d dz It

follows that Ican 4 n ro E N EI 2d2 TP
and can 4 is surjective in this case hence r is define

2 H α coker can 4 wl highest leading term Now

α Eizj TC j 1 and leading deg α 1 烈 ēic

On the other hand if leading deg α not in this interva

then α s t.ecα 1 α α has higher leading deg

α but can α α iso contradiction

Thus α has leading term 烈 ēic it is

detected by some 入z.PE oidz Thus d l j 1

αE Fpβ了Scan73

4 Ē o Fp β了 9 r x ̅ 了 where x ̅ is a family

of cycles detected by cz
til oJdz.EE

izjTC.wlloandocbapek.ptb I jd.bEekij llmodp l.pe peg.bc.pl and
c runs over a basis of k over Fp

j 0 ker can f trivial

j 1 leading deg α EE.io TC is i ēic

If then β E IFIβ了981 s.t α一β satisfies



leading deg s 烈 eic

If then

can N 烈 EIEI.zjTC.rs烈 ēi EI zj TP
surjective cocycles in the statement of II
form an Fp basisof kerican The remaining

cycles in N 烈 灭 denoted S induces

an iso to N t Eizj TP Write

α αit α2 α E kerIcan α2 ES Tn

Ican 4 1α21 41α1

4 raises filtration

α2 11 can yl I can y1α7

i Ican y 1α 1

Ths α α induces iso between ker can and

kerican 41 preserving the leading term
Combine 10 4 we have

Thm As Fp β了一mod

Eo TC Ok Fp T β
Ei TC Ok IF IFIβ了9入了 FpIβ了Said I i ek

I j d 1 l fk了

Éz ITC Ok Fp FpIβ了Sir了

w 1入1 1 1 0 181 1 1 2 d 11 lxie1 1.2J



and Hi 0 1 2

Ei TC OKI Fp 0

By deg reason the descent SS collapses at E term Fr p
odd descent SS is multiplicative so no hidden extensions We

have

公 Thmpodd.asFpip3mod.TLOk IF FpIβ了S1 入 r.ir 了

II β了9αiè 1 i ek I j d 1 l fk3
w 1β1 2d 1入1 1 181 2d 1 1α e 1 2j 1

Actually d K Sp KJ

公Thm p 2 descent SS not multiplicative then as a

Iz β4 mod

TC OK Fzl Fzβ2 913 β239β了 Fz β了9入 73

Fiβ2了9β入83 FzIβ了1αie iii Es
if I K Q2了 odd

fi

in Enyu
if I K Q2 eve

w 1β1 2 1入1 1 181 3 1αi1 2i 1


