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Fix p oprime. K| @ fie exnson. Tt is s o cowplain of o
nonber fed . T om obsdee whe o K oeodis 1. Ja Ok
be s ving of imes. Tk = wnipe. o idhol
O = [ xeF . Ixle<li.
meg = 1 x€F . sl 213
Whiee k = Oc/me be the -]?n;u resiolue -FeU.
Ex(z) € Okrzl  be the Eisensin poly.
Fix T a wnifmize of K. Mw [K: Gl= [k: Rl ex.
whoe ex = pomifionion index  ( pOx me* ).

Consil- Ok as o Eoo -aé over P [21 wvin
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whre  Swao  is the herical  Whee vectors . whih ave a (R of
Wew vecors fom Zo w0 Fp . p-complue sphave specmom.

Thn ( Nikolwns - Yokerson . 2024 )

Swes = SLKI} = lm Su1/I0.

0s En-vigs . whwe I= fo( Skl — k). I':1I

Origial  definivim  of St

T ( Lurie )

I GrmMs(S) . comsir S/cpy (or F0/(p) . then
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W8/ = B (oo W(E)p = B ). Sppose
o ™3/ py — Bo s nlpmw!j PerP;ct . or e'zwwlmtjj
Bo s o perft Fo-ah Thn we hwe o [f of B
to o flor S-ohebm B . st it is co»\r(m Wt Cp)
owd T ® B & TB/pwmB ¥ B .
s t. g
|
o
Now this B is the sphwied Wiz veaws Swea,).
losk . Swwtzr = Sww ®s Stz1 = Fwwy B FIN]
= S ®s TN
s the fro Euw-rig spetum gen by dhe comm. monoid N

The $wuo 2]

(e ey )zl . TePww = WCEK) f(at over 3/ Cpd-

k  Gompte  TCL(Ok) . ad  TCo(Ok) . TPR(Ok).
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> Siilor for  TC ard,  TP.
mudeiplative.  praperty

@ In]
THH ( O/ Snery) —  THHC O/ Gk t21)

T . TP.
By costeleron flootions . qec  mupleative P iuw(tht homelopy
Tpe spectal  Sequence . a.k.a. descant SPer.'tml Sequensas
Eay (THH(OW) = THH, (Ok/Swantz® )
= THHser ( O/ Sery )
Siibel fr TC and TP
2. Hof akebrodl
( THHx( Oc/Swr t23) . THHx ( Ok/ Sy L20 . 23) )
s o Hopf olebroid . L fllws vz E'- tem of
dhsore S5 Lo THH is de cdar cpx Pr THHW( O/Suite)
wort. the Hof albebodd . Now
Ere = B O/Sucert2e, 21) ( THHe( O/ Suy t21))
ondl fr TP
E. = 5¢_-r§|>,,cou/$wm ta.z1) ( TPe (O8/ Suuy t21))
TC is o lih different. ba not esseutiol.

Use S- v Str on TPo ( O/ Sy L23) giver ’a (‘:v]cAnoma'c.

Frobenins @ o dutermine.
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TPo( Ok/ Swus L2o. 2.1)
ond use an iwarint of HKR thaoren to  compurs
THHe ( Ok / Sy L20.21) = Okiwol ®g, Okl ta -2,
where I/1 = HBL(--) = THH ()

2o - 2, L > tZo-Z.

n

fr I = bor ( WB)L2,. 27 222220 Oy ).
Use thege u‘n{r; ™ compute E* - tam o{-‘ the olescane SS
—er THH.

/-\hel;mfc_ Tote ;recrm[ Seqnences
Direct.  compmtartion of E” - toym oF TP . TC  in o dhscont
S is had . B wmate the E(TP(O) endowed w/ e
Mggoredd fileration ( inhevited -Pom de o on TP/ Guontzl ")
Now  assoc. qradel = E'(THH(O) Lo*1
e Tate SO for  TPCOk/ Sausta1® ") colbpse ac E*.

Tan dhe " olbmc T SS gues like

E*( THH(O)) Latl = E*( TP(Ok)

E*( ) Lvl = E*(TC (k)

die de Gur ako abdbme HEPSS
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lgchre /Tt; E*( TP(Ok)) \ e

E'(THH(Qe)) L+ ] TP ( Ok / S )
~ %7
C,om[my.{ !7_3 oles} THH(O)L ] Tote SS .
bow comn SS Yo cosimplicial oa”aPse. at E
Co plo T f;::" T
6. TC Part :
Start fmm

Con. ¢ : TC ( en/gwck)lﬂgm) —  TP( OK/chk)EZJQM)

DeFM- TC(OK/$WU:))CV\) = 'F':er oF
con - \e : 'im‘n TC () — ’l'm TPC ++)

A AGV\-I
ond.
liMAsn TC () - '.'MAsn-| TPC )
TC(“) n TC(‘ n+ &~ — @
) / )c 1) l.-MAsmu TC () lfmAsn TP (v)

TL.G. Tower ? TC(“)(.V\)‘u;o JI.VCS 'C[Ul M SS
E..( TCCO)) = TCsoel Ok/ Smewr)
Eoue (TCO) = Ei,.(TCO)  wefo. 1.

whave

o.t -

ber (can-9: Ene( TCUOR) — Eie( TP(OKD))
coker (con-9: Ego( TCUOR)) — EL (TP(OK)))
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IV. Ouline and shetch
A FACT
1) THHe( Oc/ Swurlzl) = Oklua
whoe  we THH2(Ok [ Gwerta1) Ufe o Bsksude eler in
THH. (k).
2> Tae SS fr The( Ox/Sanrtzd) collopse ot E*- tom.
TP (Oc/ Swiry L23) = TP ( O/ Fwuyt21) o]
wheoe (o] = 2.
3) TR(O/Swwtza) = W) Lz]
and Po : TP ( O/ Swrstz23) —  THHo ( O/ Serst23)

| |

WUK) Lz1 > Oz

z = > Tk
s o WE - ab  morphim.
4)  HFPSS  fr TCx( Oc/Swmrtzd) collope ot E*- 2o
con : TC;( O/ Swry 121) — TH( Oc/Suer T21)
indeass  iso TG (Ol Sus 121) ¥ /Vajﬂ?j(&c/.fm)tz-])
frooll jez . Tom” is acudy on o 'F'r jso.
) @: TCol O/ Sweany121) —= T ( Ok/Swary t21)

[ [

W) 2] > W) [21
P

2 ¢ > £




s a  Fobening on  WCE).
6) ler wur € TCalB) Iftig the Bokswhk eclor wnbr po in
te B cose. Thn 3l % e TC (Ol Swaryiza)
v € TC_,( Ok/ Suur21)
ce TR (Ok/ S tz1)

s.t. U lfs um
wi) = o
con(v) = ¢!
and  TCe( O/ Swas t23) = TCo (Ok/Swwt2l) [X.v]

Ry - Ext

7) /\\/ﬁmm( 'F[tmwn on _’_Po( 9&/ $w£k) EZ]) is éj
/V?J"j TPo ( O/ SwarrL21) = /\/22&l TB (Oc/ By L21)
- (B2l jzo.

®L-1
From now on , reyw( )% os ﬂ;wck)tzil -aé Vi, Juz ma{>
®Lr]
S L22 %&‘ Ok

Reoa” in th. Summaﬁ. nwe ngec[:

'rvom ooS-Mlsl aa,

Step 3 ajdrmc. Tae SS _, o(zsuzwt SS
/ (TP(OK)) % ez
EiLIHHLQﬁQ Lo /7 TP*(BK/Sme)
A % THH(ORI L] =

c,omlmwl B descant T:_a"to. SS -



00|>o;r ww“ﬂ-ﬁ S 'F"’"" mhr[..m, calloapse ot &
-Fi kevation

* Smpl . Comn E( THH(OW)
As 3%1 h'nas. we Aave

THHx ( O/ Swen 120, 21) = Oktwd ®9, kL tz,-z>
/7;25 actm!{-j -F)”ows ‘Fom J& /‘(ﬁarm( ‘F[M‘tl’tﬂ\ on [P (+).
We will gt dae ot the end aF this  section .

Heve Zo = ML) Uo = MLlw)

2 = Vlk c2) U = V'RU&)

‘FF 1.,.'[& lzfc&):jln units .

PQF THH ( OK/ Sweky LZJG”:-] ) Is a Hq»f aéeémio( 05 in
the oot af Jmau nias.

71-9- !"L?PF a\lﬁebrofo( Str oNn
( THHe (Oc/ Sy L21) . THHw ( O/ Sty 2o . 2.3))

= ( Ocna . Oclua ®9, Ok< tz,-2.>)

711,: w — U

MRt K = w = Uo - Ex(TTe) ta -2,
Altaa) = L toz ® ta-a
gltaw-2.) = © ‘J.. E: U . U — U.

ClUw) = uw . CCU) = Uo . cC tZo-Zu) = ta -2, .



Recll vhe E™-poge of dhscont SS for THH

Ee = B 0c/swta,21) ( THH( O/ Sugy t23))
The infective vesolucim of  THL(Oe/ S t21) as Gft
THH. ( Ok/ Sutiy L2e. 2.3) - mocdules Jees [ike

0 — THH(Ok/Fww t21) e, THH( O / Sy L20. 2.1)
o 1 Dmcla

THHe( Oc / Sunsr T 20. z..'l) olz — O
wheve D THHe( Oc/ Sww [2o. 21) — THH( O/ Suens [ 20. 2.1)

L Te-1]
ta,-2, L > Tz -2,

and |dz] =2
Thus ‘tb-lavg Hom it ( O/ Sovesey T2 - 23) ( THHe ( O/ Gy [21) . =)
e ( Whee A= THHe(Or/ Swewrcz1)

[ = THHe ( O/ Bueer L2e. 2:1) f;, Simpliciey ).

om (A, ) Hme Dol A Pl

FACT (A7) Hef ahoboid . M Gh Comd . N Aopad
= Homg (M. N) = Hmp (M. P®N)
P @We®f)ea = '{\"

Aﬂ{\& the -Fau. To (%) . wlv.w A= M = N . then have
Homg ( A . A) L= Bld2 o (a. A) ke
s Hma(A.A) ¥ A Dol = (Domp)ds

P fw




ad D [ — A mPoF&ﬁA-mllg

Led

tao-2, +—> I' . u= |
0 . eke

= Eef(A) T &
Ee-(A) ¥ O¢/(nEcm)) . nsl
atZur vam'slms, S; the olescont SS co//at;se at E *- Pose

by g e
s THHx ( O/ Swurtza) = 1.( O . %= o0
Oc/ nEicmd) . x= 2]
0 6[S€
whe nz|

2 32’1?—1= A!ﬁﬂﬂfd Jq'&mﬁ‘m on [
From e fiee . we abedy knw A TR (O/Fuarren)

We need o know the Ny, fflmm '{;r TP (O¢/ Suieky Lo . 23),



Thn  ( HKR)
R comm. rirs [z, . 1 (ocoll comp(m intersection ichial  of
R . A= R/I p-tarsim -Fu. . Assme R s I-seramw(.
then
D MR (A/R) ¥ Datly  werrt Ny Fil.
2) HHe (A/RY € [alX) . whwe [a = diidd

power. olg

Now “'PPB HKR o R= WC)C2.. 21

I= lr( WbL2.21 2220, )
A= Ok.

HH.(A/R) € THH, (A/Se)

Zo- 2, | > -tZO‘ZI .

e

= 1/1*




Emlz 72:1 Jm:lco( assoc. To A{'ﬁ 'F[ of TR () s
THHx C > ).

I oner to  unchvsow! TR (O%/Tuwartz..23) . we need
o thigs
D MN=tp ad  (p. A) - zp.
2) S—n’g str.
o summariee
D D R W mdeplicotie aéc.vwg Flraim  (e3. M.
-F‘hmcfm) . N-wp s the wgology by thi ﬁltmfm
N> p A - wp is the Topdagy  in which
T+ AN3ao foms @ bosis of open nbh of 0.
Both ave NOT ade v !
Be  TR(O/Sunle..23) s complere & separaitad
in bk A-wp ad (p. A -ep. and oyclotomic
Feb. 5 s in (p. A - ep.

2) )ZF A g-n‘rg s a pair (R.§) . R comm. ru'na
§: R—R mp of sats w/ §= §n=0. and
Scxa) = wgc&p + 5800 + P&x)&y
8(x+3) = oo+ S%) + '(l‘( XP+<‘1" - Cx+5)P).
F R p-torsion free. §- rig str. o R s eAuiv. 2o



- R— R Liffﬂa the Bob. o R/P. Exlnlnut\]j

p
<) - X
Sex) £ .

- P

PmF The ﬁJoﬂmc Troh. om TR ¢+) anczs it a Sr»j

Lost.. TPo (Ok/ SweirL2o.23) ¥ closure of subrig of
Dwcborras.23( Extzoy. 2-2 )0
gn by Wbtz 21 and
f o8 ez wndr eidor zop.

Hee . &. A ]Cmm S-n‘ua str. om (R () .

$ho= h . 8§ = 7 etk - SwP)
PO s zz R o LN, gk,l_&czo),,k»«')
hptEez) = @peza-2y = 28 - 2
S.t.
S5h - Ez(Z»)Pk = @ f)
§h ¢ TPRL-)
'fm € Afzz"k TR ¢ )

C s wmcuson .

ng T ( 0K/$wu¢)121®v]) o Hepf aée[;roio( in the cat
of oomrlo.m ftlww( nigs. 8"1\ € Nal TP ( O/ S 12.. 23).



¢ Swp3. Apbmc Tow SS and E-tom of dhscant S
By Hopf aﬁebro:b(. we hove El-Faje lﬁ cobar cpx .
B = Extop (O/Sums tae-z1y ( TP (O6/ Sy L21))
Bur this s hord . The stcuwe o & is compliomd .
DF T Ny fhowm A s defeal o Efj of
Te S5 Ej = THHW(-/E)Lo*) = TPyj(-/E)
I it colope ot E* . thn NS TP — THH  nanow/

Pwﬁ'e.dnbn .

Rewll the dlescont SS goes ike
Eco ( 2 (00) = 2 . (Ok/Swuylas
= ? s-rt( Oﬂ/gwck))

@[-S])

fr 2 € {THH. TC . TP . W/
d': Eie — Eqi
E' - tum  hoe /\ﬁ]oa.ra( fihrasim . ond from this filrazion e
Jet
E‘!d"‘ (TCO) = H'( jru‘( ¢ ( Oc/Suuytz1” 1))
=> Ejj (TC (Ok))
H'( jrz"( TP ( OK/$W¢)LZJ®L-])))
=> E_tj- (TPCOk))

wluw. j" = Jm:ép( assoc ano( all m;«.ltirl.'aamre SS w/

E:JL ( TP(O)



d” E:j.k — E:+|.J.k+r

In 'ch.

Ecjr (TP(OO) = T 0 - odld

E'. 4 (THH(O) o j een.

T¢ ( O/ Sunra® ) ¥ N TP ( QIC/SEW)EE]@L-])_
Thas .
Bep  Both dhsant SS fr TC(O/Surs) avd

TP( Oc/ Swerr) oo”cul:se. ot E*- tom.

V. /-\Pplm:on i Computntion i Fp - coefficient .
e Tods
Descent SS fr TC.
Ey (TCR) s B) = TCii(Oc. F)
w/  mubiplestie  SS . ke fo.13.

Ecrg( TCO R) = Eoy (TCO0): Rp)

whave
(E\':,-a.j = ’ter ( con - P . E.Z‘ ( TC-CQL): Fr) - EG(TP(@K). FF))

Eli; = cobor (om-y. E5(TCO0; K — E3(TPLOO): F)

t'-l-j

In order to  get E*- toms . we need .



D) E™*( THHCOk) ; H—'P) . which is  obmined é_’l cobar epx

assoc. to  Hopf a\éeﬁmzb( (A . T) . whee
A THHx C O/ Supe) T21 ; )

[ THHx ( O/ Swuy L2 - 21 5 T )

2) Refnzo( version  of aﬁebmic Tote SS / HFPSS . from
Nypard  filoozim on E'- tws of ohscont SS for  TC el
TP . The assac.Jmalm( are not hard 2o Compute. .

77\5 convrge  to E* - toms of cescant SS.

n

* Compute " - torm oF THH( Ok : /).
Apn . (A.T) foms o Hof aheboid . and
A = Oktul & Fp = (O/tp)Ina
= krz1/(2%) Lu1
[ = (Oecta-z> ®o Oclwl) B2 F
= (ke21/(2%9) twa L tz.-2.>

WA"‘Q & wrnesrvmls <o 7?!4 = (_|)°ls“l< .

Tk .

Notction M= ["""['j weﬁ" o€ Exc2) .

M= ‘/“-P/g( Ee(zo)) . S ‘Fom g-nlg str. on [Po.

A Tl
D The k-vs E:.*(THH(OL): ) s a basis é_‘]



w" : pln . 'er ek =
To k-vs.  Eia (TH(O): B)  dos o boss by

L n- - r2]
Z (U " tzo-2, - () Eel2o) Us Tayen,) . 05 € €c-2 or

pl exn . 'For ec > |.
J-‘ ((:Jl,): (/Uiuo t;;ﬂ,_, . opln P oexs
Fr (% -1.0. Eix = 0.
pf  skatch.  cobor cpxlooks [k
0o— A Rty pyy s g
— e-1
0o —  kiz1/(z% LMFMH o {(:)alzku.?/(,ge“) uide — o

We l'mrlu‘cith hse '%.a 'F«c:c 'tAat
HOWIA(M-N) = Hmr (M. ®N)

I[ we want o \jer. rv’o( OF a(z. n H' . we nw:( To
co'nsJQr ‘t/u comm . a{'ﬁmm

A (Do ° 1R)JZ S A
A vlL - le o I—)
wluye_ P : u”'o(a —> F) —Ff
" = > L ')’ ( Ee) ™y t[;].a.

g1 (n-g

TA.Q mm[:[ication Qrises —rr\om 'Ju. even alcjwz mat)s SD we



mwlrﬁ the Myspared f'/tmmbn.

*  Hof ofjebro:o( for TR

Refre A(™" by i ower Peu L. ie. for
TP (Ox/Suart21 s |y ) —mal w/ ordoany My, fhooin . ke
new ore is Qiven by

/Vaj'f'"/ezM _ ZM/t/ZJM . A M
and ol are even -ﬁlmwns The mﬁml Mg, f?l. gets all whot
we Lk . Now write

A, = TR(O/ Stz Fp)

(o = TP ( O/ Fuenytze21; Hp)
&F (Ao, T2)  Hopf a\[gebro:b(. w/

(Ao. o) = ( krax . kizl ®c k tz-2>) st

D @ s B . fa@ = B BLE) = 2 'Frr (: 0.1,
» Al - 0‘2:__“. tzcj-}z. ® t;‘aa].

¢ C tg_:l.z.) =0
3) ex=1: Z-= 2-Tla-a

ee. >l : 2= 2 . |opf a\l«rﬁm‘c[ = I-lq>{3 ai/j.

Refoad  lgebraic  Tare SS .
Refiad  Myy. footiors on  E' - tarm of descant. SS for TC

ond TP Je vie o



oy /e

Eopr (TP) = H(GHTP(O/Sunar® ) = E% TP
‘Vy - ) - - 2 -
Eopr (TC) = H(GHTG(O/ S ®™)) = E%; (TC)

wee k € Ve Z V re %KZ?,I

Sr

dr : g:j.k — Em - kr
AS Sta'twt n P ART 1V . E #x (CTP) con be lb[mtu’ﬁca( W/
Cobar cpX 'F’r kLZJ[v’J w.r T H’l’r aéeﬁvwo[ (A . Fo) )
Eye" (TC) s Just a  trancetion -:12 EVexC TP).

A Tm2
Whe tz-z as dz. Whn ec=1. wre
aji' Ev:};)!! e 2 e,

which is ‘F’”{[j e«lvml w wlz-2" . as 2. Then
) ek > | .

E:.ge.“* (TP) = thzaigd @ krzacdde

d" % Carl) = ol
2)  Eer=1.

1= ey

Ewjou CTP) = kezPiod @ 2 kidhiodok
3) The Tate diffeenrtiob o lika
For nzo. jez. {- Vr(n-%{j). and
n = P’e(n- ,‘:Tj) rvod p - e hove
B!

£
| ! L——__ll péic.: -L-—e-l +n-1|

d T T F () =g T T ol



These. are the o iy non-trivial lifferentiok . Hee  vpc-> s
the p-ade voluation = biggese intsger e st pS[ -
of IDEA . . 2 el o TP and by cobar cpx.
3)1338’-riésb~on7?o.ano(sezbw%¢e/¢tsjo
in the (p- N)-2p (or N-up). Fady h“’"f“"i’j
w/ part <> & @) o oletrmine vhe clifferetiok .

+ Compute E*(1¢) oad E*CTP).

A T3
1) For re Z .
% peei
Foqy (TP) = ki g w lwdg wm 27 ot}
p- | ezj omal J'ao

o . e’se.

amo( con : E:* (TC-) — E:*( TP) 5 150,

—_2

2)  Eay (TP) is a k-vs. w/ bass

k- (§-1)+ ¢ )
© AT g o L) bez st
, . .
’?7'3"‘(3")4 b < P%-;—D’f-_l, . ptb.
pex- (i~ bz (g mad po
® =z " aidz . .'f' i>1 and P-llez-(d'-l).

3) For j?l, Ei-l.:j(TC_) s a k-vs. w/ bass

- {
pew- (j-1) +hp
O = p-i

&z . w/ L0, bez st
I ) .
_-—TF €e-(3-1) <« b « Feg_%"{l _ [,*b‘



b= -eti-1) mod p-i

Peg-(j-l)-l
® z ' acide . o1 and po1 | e (G-
)  For izt
ker ( com - Ei—..;i(TC_) — E:.zj(TP))

IS 0m €k J - O(M ’L- v.s. w/ bas‘is w/ lo.ow[v:nj terms
e (§-1) +hpt .
= (J' <agy Sz

P—

wi {20 . bez st

ptb. b= -e (-1 mod p-i

L1, Ery )
Pl < pec-b = P -

b Comfu‘tz, tA.e %cfotomic Fobmus
&(& For nz e j.

_~P1 pln-ei) <
Z 43

@lz'ad) = M
LHS = \P(Z“-ezj)/’z-n ('P( EK(Z)U')J
- /‘A_Pj g e o]

- =P (n-ee-{>
2P P g3

- A
This  tels us  how @ o E:.*(-) behaves .

Eml;_ D For gzl if’ o € E-..E(TC-) detocted 5 2ol
then Proty € Ef..ﬂ-(TPD is  dbtoctad é]

—/Z-P(d-u Zopcrt-en- Cj-l))-lo_jo{a
Thus . @ Ex (TC) — Ei(TP) s iso



'er gz
)  Sepm e Eiof TC has refuel Mygaard fhration
m.  Then
@ F qs0. Qe s >m
@ K ga1. pois >/</= m

i
m >/</= _PP-I - é‘;‘a

To s how the comonical dbes . we have
Be 0 js0. om: Euyg(TC) — NIL (TP
Surfective .
) j<o . oon - Ef.,;j (TC) — E:,zj (TP)
(so.
3) m:x2j. con: N E.z..ﬁ(TC’) — N‘ME.Z..Q(TP)
Suﬁ'ec'h've.
f.  Follows -rrom the cow&r«m{fﬂ vesul o
oam . TGy ( O/ Swartar® ) — TPy ( O/ Sy 121®7)

Cor D jzt. me2 ';J...I . then

2m -2 >2m b

an - \e : N t"ﬂ T — N~ E..|.23' TP
is swdcc:h've
2) RE ) -t/tm

2 - 2
can - @ E..lzj i — E-,,;j TP (SO .



Now we can oomiwavdz E - tem of oésmtSS-{‘ar TC .

Jor p be the et i Eooud TC € Ejug T dencrad
pd - peed d

by A7z . whee ol s de miniwal momber st
p-1 | exd . Nknrr(/ii)"( =1,

od  Nuw : k— B s the nom.

Sinca Ejks . = Eik,j TC . k=0.1. pe onj have

to consider the o (= o . -1 . or eﬂtmmlurt/ Just

Compute E:.o.* , Ei...* : E.T...* : t_|.o.* :
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